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1 Introduction

Thompson’s normal p-complement theorem [7] [8] was one of the most important advances in the

pre-classification era of finite group theory, and lead directly to Thompson’s proof that a fixed-

point-free automorphism of prime order only occurs for nilpotent (finite) groups.

As a p-complement theorem, Thompson’s result can be expressed in the language of fusion

systems (from which we can recover the theorem for groups by stating F = FP (G)). The precise

statement is as follows.

Theorem 1.1 Let F be a saturated fusion system on a finite p-group P , where p is an odd prime.

If CF (Z(P )) and NF (J(P )) are trivial then F is trivial.

Here J(P ) is the Thompson subgroup; there are three different standard definitions of the

Thompson subgroup, and we will prove this result for all of them.

Of course, Thompson’s normal p-complement theorem has been proved for fusion systems before

[4], but that method used both the original theorem for groups, and the fact that constrained

saturated fusion systems come from finite groups, the constrained model theorem.

A standard application of Thompson’s normal p-complement theorem is to prove that a finite

group possessing a fixed-point-free automorphism of prime order is nilpotent. A fixed-point-free

automorphism σ ∈ Aut(F) of a fusion system F is a fixed-point-free automorphism of the underlying

subgroup P such that, if Q 6 P is σ-invariant, then σ acts fixed-point-freely on AutF (Q). An

example of this is the action of a fixed-point-free automorphism of a finite group on its fusion

system.

Theorem 1.2 Let F be a saturated fusion system on a finite p-group P , and suppose either that

F is soluble or that p is odd. If F possesses a fixed-point-free automorphism of prime order then

F = FP (P ).

This theorem is enough to imply the corresponding result for finite groups.

Although a stronger theorem of this type [5] has been translated to fusion systems [6], the result

passed via the finite group case. The purpose of this note is to eliminate recourse to the corre-
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sponding theorems for finite groups, and prove Theorems 1.1 and 1.2 directly for fusion systems,

also bypassing the use of the constrained model theorem.

For an introduction to fusion systems, and for the definitions and concepts used in this paper,

we refer the reader to, for example, [3].

2 The Thompson Subgroups

This short section recalls the three different standard definitions of the Thompson subgroup, J(P ),

and will prove an easy lemma that holds regardless of which version of the Thompson subgroup

one chooses.

Definition 2.1 Let G be a finite group. Define

J1(G) = {A 6 G : A is elementary abelian of maximal order in G},

J2(G) = {A 6 G : A is abelian of maximal order in G},

J3(G) = {A 6 G : A is abelian of maximal rank in G}.

For each α, define Jα(G) to be the subgroup generated by all A ∈Jα(G). Write J(G) for one of

the Jα(G).

From this it is easy to see that J(G) is characteristic in G, and non-trivial whenever G is

non-trivial.

Lemma 2.2 Let P be a non-trivial finite p-group, and let A be an element of Jα(P ), for some

α. If A0 has index p in A, and V is any elementary abelian subgroup of P centralizing A0, then

|A0V : A0| = |V : V ∩A0| 6 p.

Proof: Since V centralizes A0, A0V is abelian, and clearly |A0V : A0| = |V : V ∩A0|. If α = 1 or

α = 2 then |A0V | 6 |A|, so that |A0V : A0| 6 p, as needed. If α = 3, then since V is elementary

abelian, Ω1(A0V ) = Ω1(A0)V and V ∩ A0 = V ∩ Ω1(A0); in this case, |Ω1(A0V )|/|Ω1(A0)| 6 p, so

we get |V : V ∩A0| 6 p, completing the proof.

3 Basic Facts from Group Theory

Lemma 3.1 If G is a finite group with an abelian Sylow p-subgroup P , and N = NG(P ), then

P = CP (N)× [P,N ].

Furthermore, if H is a p′-group and G = P oH, then P = CP (H)× [P,H].

Lemma 3.2 If G is a subgroup of GL2(p) with at least two Sylow p-subgroups then G > SL2(p).
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4 Working with Constrained Fusion Systems

Not using the constrained model theorem means that we have to work directly with constrained

fusion systems. We therefore bring together a collection of useful results in this direction, doing

more than we strictly need for the proof of Thompson’s normal p-complement theorem because it

might well be of independent interest.

We start with a useful lemma that follows easily from a fundamental result from Broto, Castel-

lana, Grodal, Levi and Oliver, which restricts how many F-conjugacy classes need to be check for

saturation.

Lemma 4.1 Let F be a fusion system on a finite p-group P , and let Q be a normal subgroup of

F . If all F-conjugacy classes of subgroups of P containing Q are saturated then F is saturated.

Proof: Notice that since Q is normal, F is generated by morphisms between subgroups of P

containing Q. By [1, Theorem 2.2], F is saturated if, for all F-conjugacy classes R of F-centric

subgroups of P not containing Q, there is an element R ∈ R such that OutP (R)∩Op(OutF (R)) is

non-trivial.

Consider AutQR(R), which we claim is a normal p-subgroup of AutF (R). Let x ∈ NQR(R)

and let φ ∈ AutF (R), with ψ ∈ AutF (QR) an extension to QR. Since R and Q are ψ-invariant,

NQR(R) is ψ-invariant. Hence

(cx)ψ = cxψ ∈ AutQR(R).

Thus AutQR(R) is a normal p-subgroup of AutF (R). If OutP (R) ∩ Op(OutF (R)) = 1 then

AutQR(R) = Inn(R), and so QR 6 RCP (R) = R. Hence Q 6 R, a contradiction. This com-

pletes the proof.

Using Lemma 4.1, we can construct many saturated subsystems of a constrained fusion system.

Lemma 4.2 Let F be a saturated fusion system on a finite p-group P , and let Q be a normal,

centric subgroup of P . If H is a subgroup of OutF (Q) such that OutP (Q)∩H is a Sylow p-subgroup

of H, then there exists a unique saturated subsystem E of F , on a subgroup of P containing Q,

such that OutE(Q) = H.

Proof: Let R be the preimage in P of OutP (Q) ∩ H, which contains Q. For Q 6 A,B 6 R,

define HomE(A,B) to be the subset of all φ ∈ HomF (A,B) such that φ|Q ∈ H̄, where H̄ is the

preimage of H in AutF (Q). For general A,B we define HomE(A,B) to be the restriction to A of

all φ ∈ HomE(AQ,BQ) such that Aφ 6 B. It is easy to see that E is a subsystem of F ; we claim

that E is saturated. Clearly Q is normal in E .

By Lemma 4.1 it suffices to show that the E-conjugacy classes of subgroups of R containing

Q are saturated. Let Q 6 B 6 R, and we first note that B is receptive in E . To see this, let

φ : A → B be an E-isomorphism: since Q is F-centric, A and B are F-centric, so receptive in F .

Let NR
φ denote the preimage in R of AutR(A)∩AutR(B)φ

−1
, which is contained in NP

φ , which is the
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standard subgroup Nφ with respect to F . As B is F-receptive, φ extends to φ̄ : NP
φ → NP (B), and

this restricts to ψ : NQ
φ → NP (B), which lies in E . (It lies in E since it restricts to an automorphism

of Q lying in H̄, namely φ|Q; in particular, we see that imψ 6 R.) Hence B is receptive in E , as

needed.

It remains to prove that A is E-conjugate to a fully E-automized subgroup of R. Let κ :

AutF (A) → AutF (Q) be the restriction map: the kernel kerκ consists of those automorphisms of

A acting trivially on the F-centric subgroup Q, and so by [2, Proposition A.8] consists of maps cg

for g ∈ Z(Q) (with cg = ch if and only if gh−1 ∈ Z(R), in particular | kerκ| = |Z(Q)/Z(R)|, and

kerκ 6 Inn(R)).

Since kerκ 6 Inn(A), we see that AutR(A) is a Sylow p-subgroup of AutE(A) if and only if

AutR(A)κ is a Sylow p-subgroup of AutE(A)κ, which is equal to NH̄(AutA(Q)). Let χ ∈ H̄ be such

that a Sylow p-subgroup of [NH̄(AutA(Q))]χ is contained in AutR(Q), which can be done since

AutR(Q) = AutP (Q) ∩ H̄ is a Sylow p-subgroup of H̄ by assumption.

Write B for the preimage in R of AutA(Q)χ, so that in particular Q 6 B and AutA(Q)χ =

AutB(Q). We claim that B is fully E-automized. By the previous paragraph, it suffices to show

that AutR(B)κ is a Sylow p-subgroup of NH̄(AutB(Q)). However, AutR(B)κ = AutNR(B)(Q),

and AutR(Q) ∩ NH̄(AutB(Q)) = NAutR(Q)(AutB(Q)) = AutNR(B)(Q). This proves that B is fully

E-automized, and concludes the proof of existence.

To prove uniqueness, suppose that E ′ is another saturated subsystem of F such that OutE ′(Q) =

H. Again, E ′ is defined on R, so by Alperin’s fusion theorem it suffices to show that AutE(A) =

AutE ′(A) for every fully normalized subgroup A > Q. To see this, [2, Proposition A.8] proves that

the kernels of the restriction maps AutF (A) → AutF (Q), AutE(A) → AutE(Q) and AutE ′(A) →
AutE ′(Q) have order |Z(Q)|/|Z(A)| and lie in Inn(A), hence are equal. As the images of AutE(A)

and AutE ′(A) are the same, namely NH̄(AutA(Q)), we see that AutE(A) = AutE ′(A), and the result

follows.

This yields the following corollaries.

Corollary 4.3 Let F be a saturated fusion system on a finite p-group P , and suppose that F con-

tains a normal, F-centric subgroup Q. Write G = OutF (Q). There is a one-to-one correspondence

between subgroups H of G for which H ∩ OutP (Q) is a Sylow p-subgroup of H, and saturated

subsystems E of F on subgroups of P containing Q, given by sending E to OutE(Q).

Proof: The only thing left to remark, beyond Lemma 4.2, is that OutE(Q) ∩OutP (Q) is a Sylow

p-subgroup of OutE(Q), since E is saturated and Q is strongly E-closed, hence fully E-normalized.

Corollary 4.4 Let F be a saturated fusion system on a finite p-group P , and suppose that F
contains a normal, F-centric subgroup Q. If F/Q is trivial then OutF (Q) contains a normal

p-complement.
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Proof: Suppose that G = OutF (Q) does not have a normal p-complement, so that there exists a

non-trivial p-subgroup X of G such that NG(X)/CG(X) is not a p-group, by Frobenius’s normal

p-complement theorem. Let E be the saturated subsystem of F corresponding to NG(X). We

claim that E/Q is non-trivial, and in particular if R is the preimage of X in P , then NE(R)/Q is

non-trivial.

To see this, notice that OutE(Q) = NOutF (Q)(X), so that AutE(Q) = NAutF (Q)(AutR(Q)), and

every E-automorphism of Q extends to an E-automorphism of R. Consider the map κ : AutE(R)→
AutE/Q(R/Q). The kernel kerκ consists of those φ ∈ AutE(R) such that φ acts trivially on R/Q,

or equivalently – since Q is E-centric – φ|Q acts trivially on OutR(Q) = X. This means that φ|Q
(modulo Inn(Q)) lies in CG(X). However, by assumption NG(X)/CG(X) is not a p-group, so

AutE/Q(R/Q) is not a p-group, as needed.

5 Thompson’s Normal p-Complement Theorem

In this section we give a proof of Theorem 1.1. We let the Thompson subgroup be Jα(G) for any

α. Let F be a minimal counterexample firstly in terms of |P |, then in terms of the number of

morphisms in F .

Step 1: F is sparse, NF (P ) = FP (P ), and if Z(P ) 6 X 6 P and E 6 F is defined on a overgroup

of X in which X is fully E-centralized, then CE(X) is trivial. The first part is true since any proper

subsystem of F on P satisfies the conditions of the result, so is FP (P ); the second part is true since

else P P F and so J(P ) P F , a contradiction; the third part is clear.

Step 2: If Q = Op(F) then F/Q is trivial. We first prove that Op(F) > 1. By Alperin’s fusion

theorem, since F is non-trivial, there is some non-trivial subsystem NF (Q) for some Q 6 P . Choose

Q so that N = NP (Q) has maximal order; we claim that N = P , so assume false.

By induction, writing N = NF(Q), since N is non-trivial either NN (J(N)) or CN (Z(N)) is

non-trivial. Since Z(P ) 6 Z(N), CN (Z(N)) is trivial by Step 1, so NN (J(N)) must be non-trivial.

However, as J(N) charN P NP (N), we see that NP (J(N)) > N . By choice of Q, NF (J(N)) is

therefore trivial, so clearly NN (J(N)) is also trivial. This contradiction proves that N = P , and

since NF (Q) is non-trivial, F = NF (Q). Set Q = Op(F).

If Q < W P P , then NF (W ) < F , so NF (W ) is trivial. Write ·̄ for quotienting by Q. Since

P cannot be normal in F , P̄ 6= 1. Notice that if W is the preimage of J(P̄ ) or Z(P̄ ) in P , then

Q < W P P , and so NF (W ) is trivial. Thus NF̄ (W̄ ) = NF (W )/Q is also trivial, and therefore so is

CF̄ (W̄ ). In particular, NF̄ (J(P̄ )) and CF̄ (Z(P̄ )) are trivial, so by induction F̄ is trivial, as needed.

Step 3: F is constrained. Stancu’s lemma states that F = 〈P CF (Q),NF (QCP (Q)〉. By Step

1, both of these are either FP (P ) or F . If F = P CF (Q) then by [3, Proposition 5.60] there is a

bijection between essential subgroups of F and those of F/Op(F), and since the latter is trivial

the former is. Hence we must have F = NF (QCP (Q)), and so F is constrained.
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Step 4: OutF (Q) = H o OutP (Q), where H is an elementary abelian q-group for some q 6= p.

Furthermore, OutP (Q) is maximal in OutF (Q), and every non-trivial normal subgroup of OutF (Q)

contains H. Write G = OutF (Q): by Step 2 and Corollary 4.4, G = HoOutP (Q) for some p′-group

H; since F is sparse, OutP (Q) is maximal in G by Corollary 4.3, so that any Sylow p-subgroup of

G is maximal in G. Since OutP (Q) is maximal in G, G = K OutP (G) for any normal p′-subgroup

K of G, and hence G possesses a single normal p′-subgroup, which must be H.

Let q 6= p be a prime dividing |H|, let R be a Sylow q-subgroup of H and R0 = Ω1(Z(R)).

By the Frattini argument, G = NG(R)H, so NG(R) contains a Sylow p-subgroup of G (which is

maximal); NG(R) also contains R, so NG(R) = G, and R0 charR P G, proving that R0 P G.

Thus H = R0 is elementary abelian. Finally, if K is a normal subgroup not contained in H then

K ∩H = 1, so that K is a normal p-subgroup of G. The preimage of a normal p-subgroup of G in

P is a normal subgroup of F , so K = 1 as Q = Op(F); hence H 6 K.

Since NF (J(P )) is trivial, we cannot have that J(P ) 6 Q, since else J(P ) = J(Q) charQ, and

so J(P ) P F . Hence there exists some abelian p-subgroup A in Jα(P ) such that A 66 Q. We may

choose A to be fully F-normalized.

Step 5: P = QA and P/Q ∼= A/(A ∩ Q) has order p. Write B for the image of A in OutP (Q).

Since H P OutF (Q), [H,B] is a subgroup of H normalized by B, so is normal in HB (as H is

abelian, so normalizes [H,B]). Let H1 be a minimal normal subgroup of HB contained in [H,B].

Let E be the saturated subsystem of F such that OutE(Q) = H1B, which exists by Lemma 4.2.

Clearly E is non-trivial, and E is defined on QA. By Step 1, CE(Z(QA)) is trivial. If NE(J(QA))

is non-trivial then there exists a non-trivial p′-automorphism φ in it: since both Q and J(QA) are

normal subgroups of NE(J(QA)), so is QJ(QA) = QA, and hence φ extends to an automorphism

ψ ∈ AutNE(J(QA))(QA). As ψ is not a p-automorphism, by raising to an appropriate power, we

may assume that ψ is a p′-automorphism of QA in E .

As ψ is a p′-automorphism, if ψ|Q is trivial, then since CP (Q) 6 Q, ψ is trivial; thus ψ|Q is

non-trivial. We consider the image of ψ in OutP (Q). Since ψ normalizes QA, [B,ψ] 6 B, and since

ψ ∈ H we have that [B,ψ] 6 H, so that [B,ψ] = 1. Hence ψ ∈ CH(B); as ψ ∈ [H,B] we get that

ψ ∈ [H,B] ∩CH(B) = 1 (by Lemma 3.1). Thus NE(J(QA)) is trivial, and so by choice of minimal

counterexample, E = F . In particular, P = QA.

Notice that H is a simple, faithful, FqP/Q-module, and since P/Q is abelian we must have that

P/Q is cyclic. Thus A/(A ∩Q) has order p.

Write Z = Z(Q). Since Z(P ) 6 Z (as CP (Q) 6 Q) we see by Step 1 that CF (Z) is a trivial fusion

system on CP (Z). By Lemma 3.1, Z = CZ(H)× [Z,H], and so if [Z,H] = 1 then H centralizes Z,

impossible since CF (Z) = FP (P ). Hence [H,Z] 6= 1. Let V = Ω1([H,Z]), an elementary abelian

p-group. Also, as Q P F , Z P F , and so [H,Z] P F , and Ω1([H,Z]) P F .

Step 6: |V | 6 p2. Let A0 = A ∩ Q; as AQ/Q has order p, A/A0 has order p. As V 6 Z(Q), V

centralizes A0, so by Lemma 2.2 we have |V/(V ∩A0)| 6 p. If φ ∈ AutF (Q) then V φ = V , and so
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V/(V ∩A0)φ = V/(V ∩ (A0φ)) has order at most p. If |V | > p3 then X = V ∩A0 ∩A0φ 6= 1. As A

is abelian, AutA(Q) acts trivially on X, as does Inn(Q) since X 6 Z(Q). As AutA(Q) centralizes

A0, AutA(Q)φ centralizes A0φ > X, and so X is centralized by 〈AutA(Q),AutA(Q)φ, Inn(Q)〉 =

AutF (Q). Hence X 6 CH(Z), which as X 6 [H,Z] gives X 6 CH(Z)∩ [H,Z] = 1, a contradiction.

Thus |V | 6 p2.

Step 7: OutF (Q) > SL2(p) and contradiction. If we can show that C = CAutF (Q)(V ) = Inn(Q)

then OutF (Q) may be embedded in Aut(V ) = GL2(p). By Step 4, OutF (Q) has at least two

Sylow p-subgroups, so OutF (Q) > SL2(p) by Lemma 3.2; this contradicts Step 4, as OutF (Q) =

H o OutP (Q).

Since V is normalized by AutF (Q), C P AutF (Q), whence C/ Inn(Q) is a normal subgroup of

OutF (Q). By Step 2, if C > Inn(Q) then it contains H, so that V 6 CZ(H) ∩ [H,Z] = 1; hence

C = Inn(Q), as claimed. This completes the proof of Theorem 1.1.

If we allow p = 2 and require that F is S3-free – i.e., S3 is not involved in AutF (Q) for any

subgroup Q of P – then AutF (Q) 6∼= SL2(2) = S3 in Step 7 and the theorem also holds in this

case. If F = FP (G), where P is a Sylow 2-subgroup of G, then G is S4-free if and only if F is

S3-free, this naturally extends Thompson’s normal p-complement theorem to the prime 2. (As the

fusion system of S4 itself satisfies NF (J(P )) = CF (Z(P ))) = FP (P ) but O2′(S4) = 1, we do need

to exclude some finite groups for the prime 2.)

6 Fixed-Point-Free Automorphisms of Groups

If G is a finite group then an automorphism σ of G is fixed point free if gσ = g implies g = 1.

In this section we produce a few preliminary lemmas on fixed-point-free automorphisms of finite

groups, needed for the proofs in the next section. All of these results are well known.

Lemma 6.1 Let G be a finite group, and let φ be a fixed-point-free automorphism of order n. We

have that every element of G can be written in the form x−1(xφ) or (xφ)x−1, and for all x ∈ G,

x(xφ)(xφ
2
) . . . (xφ

n−1
) = 1.

Proof: If x−1xφ = y−1yφ then yx−1 = (yφ)(xφ)−1 = (yx−1)φ, so that y = x. Hence the map

x 7→ x−1xφ is an injection, so is a bijection as |G| is finite: this proves the first part.

To see the second, write x = y−1yφ: then

x(xφ)(xφ
2
) . . . (xφ

n−1
) = (y−1yφ)(y−1yφ)φ . . . (y−1yφ)φ

n−1
= y−1yφ

n
= 1,

as the middle terms cancel each other off, and φ has order n.

Lemma 6.2 Let G be a finite group, and let φ be a fixed-point-free automorphism of G. If p is a

prime dividing |G|, then φ fixes a unique Sylow p-subgroup P of G.
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Proof: If P is a Sylow p-subgroup of G, then Pφ is also a Sylow p-subgroup of G. Therefore,

Pφ = x−1Px for some x ∈ G. Thus for any y ∈ G,

(y−1Py)φ = (yφ)−1x−1Px(yφ).

However, every element of G can be expressed as xφx−1 by Lemma 6.1 and so choose y such that

yφy−1 = x−1; then P y is fixed under φ, as required.

Now suppose that P and P x are fixed by φ. Therefore, xφx−1 ∈ NG(P ). Again, since xφx−1 is

in NG(P ), we see that (as NG(P ) is φ-invariant) there is an element y ∈ NG(P ) such that

xφx−1 = yφy−1.

Since the map x 7→ xφx−1 is a bijection, x = y, and so P x = P , as needed.

Lemma 6.3 Let G be a finite abelian group, and suppose that H is a subgroup of Aut(G) of the

form K o 〈φ〉. Suppose that, for all k ∈ K, the element kφ is fixed point free and of prime order

p, and that |K| and |G| are coprime. Then K fixes some non-trivial element of G.

Proof: For each k ∈ K, and x ∈ G the element

x1+(kφ)+(kφ)2+···+(kφ)p−1
= 1,

by Lemma 6.1. If x ∈ G, then we can multiply these together for all k ∈ K, and have

1 =
∏
k∈K

p−1∏
i=0

x(kφ)i = x|K|
p−1∏
i=1

∏
k∈K

x(kφ)i .

Notice that clearly {kφi : k ∈ K, 1 6 i 6 p− 1} = H \K, but we claim also that

{(kφ)i : k ∈ K, 1 6 i 6 p− 1} = H \K.

To see this, suppose that (kφ)i = (lφ)j , for some 1 6 i, j 6 p− 1 and k, l ∈ K. The image of these

maps in H/K is Kφi and Kφj , so that i = j. Since kφ has order p, by raising to a certain power

i′ such that ii′ ≡ 1 (mod p), we get (kφ)ii
′

= kφ = lφ = (lφ)ii
′
, so that clearly k = l.

Applying this to the product above, we get that

1 = x|K|
p−1∏
i=1

∏
k∈K

x(kφ)i = x|K|
p−1∏
i=1

∏
k∈K

xkφ
i
.

Clearly,
∏
k∈K x

kφi is a fixed point of G under the action of all k ∈ K, and since x|K| is not the

identity, one of the terms in the product must also not be the identity. Hence there is a fixed point

of G under the action of K.
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7 Fixed-Point-Free Automorphisms of Fusion Systems

For a fusion system F on a finite p-group P , an automorphism σ ∈ Aut(F) is fixed point free if

σ acts fixed point freely on P , and whenever Q 6 P is σ-invariant, the induced action of σ on

AutF (Q) is fixed point free.

A fundamental theorem of Thompson on fixed-point-free automorphisms of finite groups is that

if G possesses a fixed-point-free automorphism of prime order then G is nilpotent. For soluble

groups this is proved directly, but for arbitrary groups this uses a p-nilpotence theorem like that

described above.

Proposition 7.1 Let F be a soluble, saturated fusion system on a finite p-group P . If F possesses

a fixed-point-free automorphism σ of prime order then F = FP (P ).

Proof: Let F be a minimal counterexample to the statement. Since F is trivial if and only if

F/Z(F) is, and Z(F) is characteristic in F , we may assume by induction that Z(F) = 1. Let

Q be a minimal σ-invariant normal subgroup of F , which exists since Op(F) > 1, and is clearly

elementary abelian. Since Q is σ-invariant, σ acts fixed point freely on AutF (Q). Since Z(F) = 1,

F 6= P CF (Q) by the hypercentral subgroup theorem, so that AutF (Q) is not a p-group. Let R be

the σ-invariant Sylow r-subgroup of AutF (Q) for some r 6= p dividing |AutF (Q)|.
It is clear that there is a saturated subsystem E of F on Q such that AutE(Q) = R. (Simply take

the fusion system of FQ(Q o R).) We have that Eσ = E , so by choice of minimal counterexample

F = E .

We aim to apply Lemma 6.3 to this situation: Since both R and σ act on Q, and σ acts on R,

writing K = AutR(Q), we have H = K o 〈σ〉 as a subgroup of Aut(Q). We must show that, for

each k ∈ K, kσ has order p and acts fied point freely, which we will accomplish by showing it is

conjugate to σ. Then K = AutR(Q) fixes a point 1 6= x ∈ Q, and so x ∈ Z(F), a contradiction to

the fact that Z(F) = 1.

To show that σα = kσ for some α ∈ H, let ` ∈ K be such that `−1(`σ
−1

) = k, which exists by

Lemma 6.1. Notice that `k = σ`σ−1, so that kσ = `−1σ`, as needed.

Theorem 7.2 Let F be a saturated fusion system on a finite p-group P , and suppose that either

p is odd or F is S3-free. If F possesses a fixed-point-free automorphism σ of prime order then

F = FP (P ).

Proof: By Theorem 1.1, if NF (J(P )) and CF (Z(P )) are trivial then F is trivial. If either of

these two subsystems is F itself then Op(F) > 1, so that by induction F/Op(F), which inherits

a fixed-point-free automorphism of prime order, is trivial, and F is soluble; hence by Proposition

7.1, F = FP (P ), as needed.

Hence both NF (J(P )) and CF (Z(P )) are proper subsystems of F . As both J(P ) and Z(P )

are characteristic subgroup of P , they are σ-invariant, and clearly both subsystems inherit a fixed-
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point-free action of σ, hence are trivial by induction. Thus Theorem 1.1 implies that F = FP (P ),

as needed.

Corollary 7.3 Let G be a finite group admitting a fixed-point-free automorphism σ of prime order.

Then G is nilpotent.

Proof: If p is a prime dividing |G|, and P ∈ Sylp(G), then σ induces a fixed-point-free automor-

phism on FP (G), whence FP (G) = FP (P ) if p is odd, so that G possesses a normal p-complement

Hp for all odd primes p dividing G. If |G| is odd then G is therefore nilpotent, so |G| is even.

The intersection of these normal complements Hp is the Sylow 2-subgroup S of G, and clearly

G is soluble, since by taking the intersections of successively fewer of the Hp one gets a normal

series whose quotients are p-groups for various primes p. Thus FS(G) is also soluble, so trivial by

Proposition 7.1, and G is nilpotent as its fusion system at all primes are trivial.

It remains to deal with the case of an insoluble saturated fusion system for the prime 2, which

hasn’t been disposed of in the above theorems. At the moment this case eludes us: if Q is a

σ-invariant subgroup then AutF (Q) = AutP (Q), but this does not appear to be enough to make

much headway.
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